By means of weight coefficients and the technique of real analysis, a new Hardy-Mulholland-type inequality with the kernel
Introduction
Suppose that p > , 
By introducing an independent parameter λ ∈ (, ], in , Yang [] gave an extension of the integral analogous of () with the kernel
gave extensions of () and () as follows.
If
is a finite non-negative homogeneous function of degree -λ, with
where the constant factor k(λ  ) is still the best possible. Clearly, for λ = ,
), inequality () reduces to () (()). Some other new results including multidimensional Hilbert-type inequalities, HardyHilbert-type inequalities and Hardy-Mulholland-type inequalities are provided by [-] .
In this paper, by means of weight coefficients and the technique of real analysis, a new Hardy-Mulholland-type inequality with the following kernel:
and a best possible constant factor is provided, which is a relation between two simple Hardy-Mulholland-type inequalities similarly to () and (). The equivalent forms, the operator expressions with the norm and some particular inequalities are studied. The lemmas and theorems of this paper provide an extensive account of this type of inequalities.
2 An example and some lemmas
In the following, we express k α (λ  ) in a few cases.
(i) For α = , we obtain
< , in view of () and the Lebesgue term by term integration theorem (cf.
[]), we find
< , by () and the Lebesgue term by term integration theorem (cf.
is decreasing for y >  and strictly decreasing for y ∈ [x, ∞). In the same way, for fixed y > , k λ (x, y) is decreasing for x >  and strictly decreasing for x ∈ [y, ∞).
Lemma  (cf. []) Suppose that g(t) (> ) is decreasing in R + and strictly decreasing in
Lemma  Suppose that U m and V n are defined by () with
, and k α (λ  ) are indicated by () and (). Define the following weight coefficients:
Then we have the following inequalities:
Proof We set μ(t) := μ m , t ∈ (m -, m] (m ∈ N); υ(t) := υ n , t ∈ (n -, n] (n ∈ N), and
in view of Example () and Lemma , we find
Hence, we have (). In the same way, we have ().
Note We do not need the condition λ  ≤  (λ  ≤ ) to obtain () (()).
Lemma  As regards the assumptions of Lemma
where
Lemma , and (), we find
). Hence we have (). In the same way, we obtain (). For b > , we find
Hence we have (). In the same way, we have ().
Proof We find for  < δ < min{λ  , λ  },
In the same way, we find
and then we have ().
Main results
In the following, we agree that
, and k α (λ  ) are indicated by () and (), p > ,
Theorem  If  < a p, λ , b q, λ < ∞, then we have the following equivalent inequalities:
, the constant factor k α (λ  ) in the above inequalities is expressed in the following form:
Proof By Hölder's inequality with weight (cf.
[]) and (), we have
Then by (), (), and (), we find
If there exists a positive constant K ≤ k α (λ  ), such that () is valid when replacing k α (λ  ) by K , then, in particular, we have εĨ < εK ã p, λ b q, λ , namely
By (), it follows that k α (λ  ) ≤ K (ε →  + ). Hence, K = k α (λ  ) is the best possible constant factor of (). The constant factor k α (λ  ) in () is still the best possible. Otherwise, we would reach a contradiction by () that the constant factor in () is not the best possible. 
